Heat equations with distributed delay are a class of mathematic models that has
Introduction
Differential equations with time delay model physical systems for which the evolution not only depend on the present state of the system but also on the past history. These models are found, for example, in population dynamics and epidemiology [1, 2] , where the delay is due to a gestation or maturation period arising from the processing in the loop of controller feedback. Unlike the regular differential equations, the analytic solution of the delay differential equation is usually unavailable. Therefore, numerical computation plays an important role for studying these equations. A good starting point to study the analysis and numerical computation of delay differential equations is the monograph by Bellen and Zennaro [3] , and the references therein. Very recently, delay models are also found useful in fractional calculus [1, 2, [4] [5] [6] [7] [8] [9] [10] .
There is little experience with numerical methods for solving delay partial differential equations (PDE). Zubik-Kowal and Vandewalle [11] analyze the convergence of a waveform relaxation scheme of Gauss-Seidel and Jacobi type, for solving the discretized problems. Waveform relaxation schemes using domain decomposition in space, which is for parabolic equations without delay were introduced by Gander and Stuart [12] and independently by Giladi and Keller [13] . In these papers, it was shown that domain decomposition leads to a fun---------------* Author's e-mail: wushulin84@hotmail.com damentally faster convergence rate than the classical waveform relaxation methods. The algorithms are characterized by firstly partitioning the whole spatial domain into several subdomains and then solving all the sub-problems simultaneously by exchanging the value of the solution between sub-domains through iterations.
The way that one chooses to exchange the value of solution between sub-domains is terminologically called transmission conditions (TC), and the Dirichlet and Robin TC are two popular choices. The Dirichlet TC lead to the so-called classical Schwarz waveform relaxation (SWR) algorithm, which got considerable attention in the literature [11] [12] [13] [14] [15] . The performance of the SWR algorithm can be drastically improved by using better more efficient TC, e. g., the Robin TC, between sub-domains. The Robin TC contain a free parameter, which has a significant effect on the convergence rate of the algorithm. Therefore, optimizing the Robin parameter is one of the top-priority matters. For PDE without delay, this issue is deeply studied by Gander and his colleagues (see, e. g., [16] [17] [18] [19] and references therein).
However, for PDE with time delay much less results for the SWR algorithm are known in the literature. Vandewalle and Gander [20] studied the SWR algorithm with Robin TC for a class of representative delay problems, the heat equation with a distributed delay:
where a > 0 and τ > 0. It was shown that the existing techniques for optimizing the Robin parameters cannot be generalized to PDE with time delay. The main difficult arises from the complexity of the curve along which one needs to solve the min-max problem for determining an ideal Robin parameter. The main idea in [20] lies in selecting a regular box containing the complex curve and then solving the related min-max problem over the box. Based on this idea, the authors in [20] proposed a formula to compute the Robin parameter, which results in satisfactory convergence rate for the SWR algorithm. The goal of this paper is to provide a new formula to compute the Robin parameter for the SWR algorithm applied to eq. (1). We present details for the parameter optimization and numerical comparison shows that the new Robin parameter is more efficient than the old one given in [20] .
The SWR algorithm with Robin TC
Following the work in [20] , we decompose the spatial domain Ω =  into two subdomains 1 Ω ( ,0] = −∞ and 2 Ω [0, ). = +∞ Then, the SWR algorithm consist of solving iteratively subproblems on space-time domains Ω (0, )( 1, 2),
where j = 1, 2 and k ≥ 1 denotes the iteration index. For k = 0, the initial guesses 0 ( , ) 
where ρ(p, L) is the convergence factor of the SWR algorithms and is defined by:
Here and hereafter, the real part of the square root of any complex number is non--negative. The convergence factor ρ(p) can be represented as:
Naturally, we want ( ) 1 p ρ  and this leads to the min-max problem:
For the case τ = 0, i. e., the regular heat equation, we have Γ = {z:
, w ∈ ∈ [-w max , w max ]}, which is obviously a simple curve in the complex plane and therefore solving the min-max problem (5) is easy. However, for 0 τ > the curve Γ is very complicated as shown in fig. 1 on the left. The idea proposed by Vandewalle and Gander [20] lies in choosing a regular box (denote by ) that covers the curve Γ and then solving the min-max problem over this box instead of along the complicated Γ. (An illustration of the box is shown in fig. 1 on the right.) This idea leads to the following min-max problem: (6) is an approximate solution of (5) . The solution of the min-max problem (6) is given in the following theorem. 
The formula (7) for computing the Robin parameter requires 0 < aτ ≤ 1 and we do not know whether the parameter old p * given by (7) is still efficient or not when aτ > 1.
A new formula to compute the Robin parameter
In this section, we give a new formula to get the Robin parameter. We rewrite ρ(p) as: 
S663
The quantities α and η 0 satisfy; since Y is increasing (resp. decreasing) function of s when a < 0 (resp. a > 0). This lemma implies that we can get a reliable Robin parameter by solving: 
The quantities η 0 , η 1 , α, and the function ( , ) p η  are given by eq. (9).
Proof. For any p > 0 and 0 1
[ , ], η η η ∈ routine calculation yields:
The square root (2η
1/2 is a negative real quantity, since from (10) . We next fix one of the two problem parameters a or τ and show in fig. 3 the convergence factor as a function of the other parameter. The results shown in figs. 2 and 3 imply that the Robin parameter, new p * , proposed in this paper results in smaller convergence factor than the one old p * given in [20] . At the end of this section, we do numerical experiments to compare the convergence rates of the SWR algorithm using two Robin parameters, new , * = p p proposed in this paper and old p p * = given in [20] . We consider the initial and source functions: fig. 4(a) , we show the measured error of the SWR algorithm using these two Robin parameters, where we can see that, compared to the Robin parameter 
Conclusion
We have analyzed the SWR algorithm with Robin TC for a class of representative heat equations with distributed delay. We provided a new formula to determine the free parameter contained in the TC and numerical results show that the new Robin parameter is more efficient than the one proposed in the literature. 
